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SUBGROUPS OF A FINITARY LINEAR GROUP
V. BOVDI, O.YU. DASHKOVA, M.A. SALIM
Dedicated to the 70-th birthday of Professor Yaroslav Sysak
Abstract. Let FLν(K) be the finitary linear group of degree ν over an associative ring K
with unity. We prove that the torsion subgroups of FLν(K) are locally finite for certain classes
of rings K. A description of some f.g. solvable subgroups of FLν(K) are given.
1. Introduction
Subgroups of the group GL(F, V ) of all automorphisms of a vector space V over a field
F are called linear groups. If V has finite dimension n over F then GL(F, V ) is usually
denoted by GLn(F ). Finite dimensional linear groups play an important role in various fields
of mathematics, physics and natural sciences and have been studied intensively. When V is an
infinite dimensional vector space over F , the problem becomes more difficult. The study of this
class of groups necessitates certain additional restrictions (see for example [1, 2, 3, 4, 5, 6, 8,
9, 10]). These types of problems have close relations to the study of the group of non-singular
(n × n)-matrices GL(F,K) where K is an associative ring. For an overview of this topic we
recommend the survey paper [18].
Let K be an associate ring with unity and let ν be a linearly ordered set with order ≤. Let
A = (mij(A)) be a matrix of degree ν over the ring K, where 1 ≤ i, j and i, j ∈ ν. Consider all
possible subsets ν ′ ⊆ ν such that outside ν ′×ν ′ the matrix A coincides with the identity matrix.
The intersection of all sets ν ′ with the given property itself posesses this property. Therefore
it is the smallest set with such property. It is called the support of matrix A and denoted by
supp(A). Matrices with finite supports are called the finitary matrices. Finitary matrices are
naturally multiplied asmij(AB) =
∑
kmik(A)mkj(B), where the sum on the right side contains
only finite numbers of nonzero elements. It is obvious that supp(AB) ⊆ supp(A) ∪ supp(B).
For all invertible matrixes A we have supp(A−1) = supp(A). Hence the set FLν(K) of all
invertible finitary matrices of degree ν over K forms a group under multiplication, and is called
the finitary linear group of degree ν over K.
The subgroup UTν(K) of FLν(K) consisting all A ∈ FLν(K) with the additional unitrian-
gularity condition mij(A) = δij for i ≥ j is called the finitary unitriangular group.
Finitary linear groups of degree ν over a ring K were introduced by Yu.I. Merzlyakov in [16]
and the same paper established that UTν(K) does not satisfy the normalizer condition for any
ring K with unity and for any infinite linearly ordered set ν.
The investigation of FLν(K) was started by [14] and actively continued in [12, 13, 15, 16].
It is known that torsion subgroups of finite-dimensional linear groups are locally finite (see
[19, Chapter 9]).
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The first two results of our paper are related to the structure of torsion subgroups of FLν(K).
Theorem 1. Let K be an integral domain. Each torsion subgroup G of the finitary linear
group FLν(K) is locally finite. Moreover, if ν is a countable set, then G = ∪i∈NGi, where
G1 ≤ · · · ≤ Gi ≤ · · · and the following conditions hold:
(i) each Gi contains a normal nilpotent subgroup Ni such that Gi/Ni is a countable group;
(ii)
∏
∞
i=1Ni is a subgroup of G;
(iii) each group N1N2 · · ·Ni/Ni is countable.
Theorem 2. Let K be a commutative ring. Each torsion subgroup G of the finitary linear
group FLν(K) is locally finite. Moreover, if ν is a countable set, then G = ∪i∈NGi, where
G1 ≤ · · · ≤ Gi ≤ · · · .
Let K be a Noetherian commutative ring. Therefore the following conditions hold:
(i) each Gi has a series of normal subgroups Li ≤ Mi ≤ Ni ≤ Gi, where Li is an abelian
group, the quotient groups Mi/Li and Ni/Mi are nilpotent and Gi/Ni is countable;
(ii)
∏
∞
i=1Ni is a subgroup of G;
(iii) each quotient group N1N2 · · ·Ni/Ni is countable.
The local structure of FLν(K) is given by the following
Theorem 3. Let G be a f.g. solvable subgroup of FLν(K) over a commutative ring K.
(i) If K is an integral domain then G contains a normal nilpotent subgroup N such that
G/N is polycyclic.
(ii) If K is a commutative ring then G contains a series of normal subgroups L ≤ N ≤ G,
where L is abelian, N/L is nilpotent-by-nilpotent and G/N is polycyclic.
Corollary 1. Let G be a f.g. subgroup of FLν(K) over a commutative ring K.
(i) If K is an integral domain then either G contains a normal nilpotent subgroup N such
that G/N is polycyclic-by-finite or G contains a non-cyclic free subgroup.
(ii) If K is a commutative ring then G has a normal abelian-by-nilpotent subgroups U such
that either G/U contains a non-cyclic free subgroup or G has a series of normal sub-
groups L ≤ U ≤ N ≤ G where L is an abelian subgroup, U/L and N/U are nilpotent
and G/N is polycyclic-by-finite.
(iii) If K is a commutative ring and G is a f.g. subgroup of FLν(K) with the maximal
condition on its subgroups, then either G is a polycyclic-by-finite group or G contains a
non-cyclic free subgroup.
Theorem 4. Let K be a commutative ring. Each subgroup of FLν(K) with the minimal
condition on its subgroups is locally finite.
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2. Preliminary results and Proofs
Let M be a right KG-module, where KG is the group ring of a group G over a ring K. The
centralizer of m ∈ M in G is denoteed by CG(m) = {g ∈ G | mg = m}. Let AutK(M) be the
group of K-automorphisms of the module M .
Let G ≤ FLν(K). Define the following right KG-module
A =
{⊕ν
α=1Aα if ν is an unlimited ordinal number;⊕
α<ν Aα if ν is a limited ordinal number,
in which each Aα is isomorphic to the additive group of K for any ordinal number α. In the
sequel of our paper we always assume that
G 6= CG(A). (1)
The properties of the automorphism groups of f.g. modules over commutative rings play an
important role in the studies of this class of groups (see [19, Chapter 13]).
Fact 1. ([19, Theorem 13.3]) Let M be a f.g. K-module over a Noetherian commutative ring
K. The group AutK(M) contains a normal subgroup U stabilizing a finite series of submodules
of M such that AutK(M)/U is quasi-linear. In particular U is unipotent and nilpotent (as an
abstract group).
Recall that a group is called quasi-linear if it is isomorphic to a subgroup of a direct product
of the finite number of finite-dimensional linear groups (see [19, p. 186]).
We also use the following facts.
Fact 2. ([19, Theorem 9.1]) Each torsion subgroup of GLn(F ) is locally finite.
Fact 3. ([19, Theorem 9.5]) Each torsion linear group is a countable extension of a unipotent
(and so nilpotent) group.
Our proof starts with the following observation.
Lemma 1. Let K be a commutative ring with unity. If G is a f.g. subgroup of FLν(K), then G
contains a normal abelian subgroup L such that G/L is isomorphic to a subgroup of the group
of automorphisms of a f.g. module over a Noetherian commutative subring of K.
Proof. Let G = 〈g1, . . . , gn | gi ∈ FLν(K)〉. Set ν
′ = supp(g1) ∪ · · · ∪ supp(gn). Clearly ν
′ is
a finite set, supp(g) ⊆ ν ′ for each g ∈ G and G is isomorphic to a subgroup of GLν′(K). Let
{a1, a2, . . . , at} be the set of all non-zero entries of the matrices g1, . . . , gn, g
−1
1
, . . . , g−1n ∈ G.
Let us prove that the commutative ring K1 = 〈a1, a2, . . . , at〉 is Noetherian. Since the subring
〈a1〉 = Z[a1] ∼= Z[x], 〈a1〉 is a commutative Noetherian ring by the Hilbert’s theorem. Using
induction on k ≥ 1 we have that 〈a1, . . . , ak〉 = 〈a1, . . . , ak−1〉[ak] is a commutative Noetherian
ring by the same argument, so K1 is also a commutative Noetherian ring.
Define the right K1G-submodule B =
⊕ν′
i=1Ai of A (see the definition before (1)) in which
each Ai is isomorphic to the additive group of K1. Since the set ν
′ is finite, B can be considered
as a f.g. right K1G-module.
Let C = CB(G). Obviously G = CG(C) but G 6= CG(B) by (1), so
〈0〉 ≤ C   B. (2)
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If C = 〈0〉 then G/CG(B) is a subgroup of the group of automorphisms of the f.g. module B
over K1 and we put L = 1. Now let C 6= 〈0〉. Set L = CG(C) ∩ CG(B/C). Every element of
L acts trivially in each factor of (2), so L is abelian (see [7, Kaluzhnin’s Theorem, p.144]) and
(see [7, Theorem 4.3.9])
G/L ≤ G/CG(C)×G/CG(B/C),
so G/L is isomorphic to a subgroup of G/CG(B/C).
Since B and B/C are f.g. K1-modules, G/L is isomorphic to a subgroup of the group of
automorphisms of the f.g. module B/C over K1. 
Proof of Theorem 1. (i) Let H = 〈g1, . . . , gn | gi ∈ G〉 and ν
′ = supp(g1) ∪ · · · ∪ supp(gn). The
group H is isomorphic to a subgroup of GLν′(K). Since each integral domain can be embedded
in a field, H is isomorphic to a subgroup of GLν′(F ) for some field F . Torsion subgroups of
GLν′(F ) are locally finite, so H is finite (see Fact 2) and G is a locally finite group.
Assume ν is a countable set and let Gi be the largest subgroup of G, such that supp(g) ⊆
{1, . . . , i} for any g ∈ Gi. Then G = ∪i∈NGi, in which G1 ≤ G2 ≤ · · · . Each Gi contains a
normal nilpotent subgroup Ni such that Gi/Ni is countable (see Fact 3).
(ii) Obviously N2 is a normal subgroup of G2, so N1N2 is a subgroup of G2. Using induction
it is easy to see that N1N2 · · ·Ni ≤ Gi for 2 ≤ i. Consequently we have an increasing series of
groups N1 ≤ N1N2 ≤ · · · ≤ N1N2 · · ·Ni ≤ · · · , so 〈N1, N2, . . .〉 =
∏
∞
i=1Ni.
(iii) Each Gi/Ni is countable, so its subgroup N1N2 · · ·Ni/Ni is countable too. 
Proof of Theorem 2. (i) Let H = 〈g1, . . . , gn | gi ∈ G〉 and ν
′ = supp(g1) ∪ supp(g2) ∪ · · · ∪
supp(gn). Moreover ν
′ is a finite set and H is isomorphic to a subgroup of GLν′(K). We need
to consider only the case when H 6= CH(A) by (1).
The group H contains a normal abelian subgroup L such that H/L is isomorphic to a
subgroup of a group of automorphisms of a f.g. module over the Noetherian commutative ring
K1 (Lemma 1). The quotient group H/L is an extension of a nilpotent group by a quasi-linear
group (Fact 1). As torsion linear groups are locally finite, the torsion quasi-linear groups are
necessarily locally finite (see Fact 2). Consequently H/L is finite (see [11, Schmidt’s theorem
§ 53] and [17]). Consequently H is finite and G is a locally finite group.
Let ν be a countable set. As in Theorem 1 we prove that G = ∪i∈NGi, where G1 ≤ G2 ≤ · · · .
Let K be a Noeterian commutative ring. Then each Gi has a normal abelian subgroup Li such
thatGi/Li is an extension of a nilpotent groupMi/Li by the quasi-linear group (Gi/Li)/(Mi/Li)
(see Lemma 1 and Fact 1). In view of the isomorphism Gi/Mi ≃ (Gi/Li)/(Mi/Li) we get that
Gi/Mi is quasi-linear. Since a torsion linear group is a countable extension of a nilpotent group
(see Fact 3), we obtain that a torsion quasi-linear group is a countable extension of a nilpotent
group. Therefore, Gi/Mi contains a normal nilpotent subgroup Ni/Mi such that Gi/Ni is
countable.
(ii)-(iii) The proof is the same as of Theorem 1. 
Proof of Theorem 3. (i) Since each integral domain can be embedded in a field, the group G is
isomorphic to a f.g. subgroup of GLn(F ) for some field F . Hence G has a subgroup of finite
index such that its derived subgroup N is nilpotent (see [19, Theorem 3.6]). Moreover G/N is
polycyclic because G is a f.g. group.
(ii) If K is a commutative ring then G contains a normal abelian subgroup L such that G/L
is isomorphic to a subgroup of the group of automorphisms of a f.g. module over the Noetherian
commutative ring K1 (see Lemma 1) and G/L is an extension of a nilpotent group S/L by the
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quasi-linear group (G/L)/(S/L) (see Fact 1). The isomorphism (G/L)/(S/L) ≃ G/S and the
structure of a f.g. solvable quasi-linear group gives that G/S has a normal nilpotent subgroup
of N/S such that (G/S)/(N/S) is polycyclic. It follows that G/N is polycyclic, too. Since
N/S and S/L are nilpotent, N/L is nilpotent-by-nilpotent. Consequently G contains a series
of normal subgroups L ≤ N ≤ G where L is an abelian subgroup, N/L is nilpotent-by-nilpotent
and G/N is a polycyclic group. 
Proof of Corollary 1. (i) Each integral domain can be embedded in a field. Therefore G is
isomorphic to a f.g. subgroup of GLn(F ) for some field F . Moreover either G has a normal
solvable subgroup H such that G/H is finite or G contains a non-cyclic free subgroup (see [19,
Theorem 10.16]). If G has a normal solvable subgroup H of finite index then H has a normal
nilpotent subgroup N such that H/N is polycyclic (see Theorem 3). As N is a characteristic
subgroup of H by construction, N is a normal subgroup of G. Therefore G has a normal
nilpotent subgroup N such that G/N is polycyclic-by-finite.
(ii) If K is a commutative ring then G has a series of normal subgroups L ≤ U ≤ G such
that L is an abelian subgroup, U/L is nilpotent and G/U is quasi-linear (see Lemma 1 and Fact
1). This yields that either G/U has a normal solvable subgroup H/U of finite index or G/U
contains a non-cyclic free subgroup (see the definition of a quasi-linear group and [19, Theorem
10.16]).
Let G/U has a normal solvable subgroup H/U of finite index. The group H/U has a normal
subgroup of finite index such that its derived subgroup N/U is nilpotent (see [19, Theorem
3.6]). Since G is a f.g. group and G/H is finite then (G/U)/(N/U) is polycyclic-by-finite. It
follows that G has a series of normal subgroups
L ≤ U ≤ N ≤ G
in which L is abelian, U/L and N/U are nilpotent and G/N is a polycyclic-by-finite group.
(iii) The group G is either solvable-by-finite or contains a non-cyclic free subgroup (see
Corollary 1 (ii)). In the first case the group G is polycyclic-by-finite (see [7, Theorem 24.1.7]).

Proof of Theorem 4. If H is a f.g. subgroup of G, then either H is solvable-by-finite group or
H contains a non-cyclic free subgroup (see Corollary 1(i)-(ii)). In the second case H does not
satisfy the minimal condition on subgroups, a contradiction. Hence H is solvable-by-finite, so
H is a f.g. Chernikov group (see [7, Theorem 24.1.4]). Consequently H is finite. 
The authors are grateful for Professor Denis Osin for his valuable remarks.
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